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a b s t r a c t
Introducing a surrender option in unit-linked life insurance contracts leads to a dependence
between the surrender time and the financial market. [J. Barbarin, Risk minimizing
strategies for life insurance contracts with surrender option, Tech. rep., University of
Louvain-La-Neuve, 2007] used a lot of concepts from credit risk to describe the surrender
time in order to hedge such types of contracts. The basic assumption made by Barbarin is
that the surrender time is not a stopping time with respect to the financial market.
The goal of this article is to make the hedging strategies more explicit by introducing
concrete processes for the risky asset and by restricting the hazard process to an absolutely
continuous process.
First, we assume that the risky asset follows a geometric Brownian motion. This
extends the theory of [T. Møller, Risk-minimizing hedging strategies for insurance payment
processes, Finance and Stochastics 5 (2001) 419–446], in that the random times of payment
are not independent of the financial market. Second, the risky asset follows a Lévy process.
For both cases, we assume the payment process contains a continuous payment stream
until surrender or maturity and a payment at surrender or at maturity, whichever comes
first.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Møller [4] describes in his paper the hedging strategy for unit-linked life insurance contracts when the risky asset follows
a geometric Brownian motion, but only with a mortality option. In his case, it is logical to assume independence between
the time of death and the financial market. When hedging a surrender option, it is not realistic to assume that the time of
surrender is independent of the financial market. But complete dependence on the financial market is too restrictive since
there can be more reasons to decide to surrender than just financial ones. In the research concerning credit risk, we find a
good background to describe this partial dependence. An extensive overview can be found in the book of [2].
Barbarin [1] has already applied these concepts to describe the time of surrender, when the time is not a stopping time
with respect to the financial market. The goal here is to make his results more explicit.
The basic contract that we will hedge, contains fixed premiums, a continuous payment up to surrender and a payment at
surrender or at maturity whichever comes first. For the martingale process describing the one-dimensional risky asset we
look at the two most popular choices: firstly, a geometric Brownian motion and secondly, a geometric Lévy process.
The hedging is based on the risk-minimizing hedging strategy. In order to describe the number of risky assets and the
amount of riskless asset to be held in the hedging portfolio we have to find the Galtchouk–Kunita–Watanabe decomposition
of the claim. Hereto, we have to impose additional assumptions on the hazard process which describes the influences apart
∗ Corresponding author. Tel.: +32 9 2649639; fax: +32 9 2644995.
E-mail addresses: Nele.Vandaele@ugent.be (N. Vandaele), Michele.Vanmaele@UGent.be (M. Vanmaele).
0377-0427/$ – see front matter© 2008 Elsevier B.V. All rights reserved.
doi:10.1016/j.cam.2008.04.031
N. Vandaele, M. Vanmaele / Journal of Computational and Applied Mathematics 233 (2009) 16–26 17
from the one of the financial market on the surrender time. A sufficient condition is the absolute continuity of the hazard
process, which is not at all a strong condition from the point of view of practitioners.
Section 2 contains an overview of the setting and the assumptions made in this paper. A short overview of risk-minimizing
hedging strategies is given in Section 3. The risk-minimizing hedging strategy for the geometric Brownian motion case
is studied in Section 4. In that section, we first determine the portfolio for one policyholder, then extend this result to n
policyholders and finally determine the risk process. In Section 5 we deal with the risk-minimizing hedging strategy when
the risky asset is driven by a geometric Lévy process.
2. The theoretical setting
2.1. The filtrations
Let (Ω,F , F,Q) be a complete probability space. We assume that the market consists of a risk-free asset B and a risky
asset S. In the next sections, we will define concrete processes for these assets. We define by F = (Ft)0≤t≤T the natural
filtration generated by the process of the risky asset S.
We assume that the surrender time Ts is not an F-stopping time. Let Ht = 1{Ts≤t}, then H = (Ht)0≤t≤T , withHt = σ(Ht), is
the natural filtration generated by the process Ht .
The filtration containing all the information from the financial market and the surrender time, is denoted byG = (Gt)0≤t≤T
where Gt = σ(Ft ∨Ht). The filtration G is strictly larger than the filtration F, because Ts is not an F-stopping time.
We extend the previous filtrations to the case of n policyholders. LetHit = 1{Tsi ≤t} andH it = σ(Hit), then we use the filtration
Gn = (Gnt )0≤t≤T , where Gnt = Ft ∨H1t ∨ · · · ∨Hnt . For n = 1 we are back to the one policyholder case.
2.2. The (H)-hypothesis
We assume the (H)-hypothesis holds under Q between the filtrationGn and the subfiltration F. This means that for every
t, F∞ and Gnt are conditionally independent with respect to Ft . This condition guarantees that the financial market is also
arbitrage free under Q with respect to Gn.
It is possible to prove that the (H)-hypothesis will also hold between (F) and any filtration (K), such that F ⊆ K ⊆ Gn.
2.3. The hazard process
Assume that Q(Ts = 0) = 0 and Q(Ts > t) > 0. Let Ft = Q(Ts ≤ t|Ft), ∀t ∈ R+. The (F,Q)-hazard process Γt of Ts is defined
by Ft = 1 − e−Γt . If we assume that Γ is absolutely continuous with respect to time then we know that Γt can be written
as
∫ t
0 λ
s
udu, with λs the intensity function of the surrender time. Furthermore, due to the (H)-hypothesis we know that Γ is
also an increasing process and so Γ is a process of finite variation. We will frequently use the following known relation by
Dellacherie for X ∈ Fu
EQ [X1{Ts>u}|Gt] = 1{Ts>t}eΓtEQ [Xe−Γu |Ft]. (1)
For a proof, we refer to [2].
We also need the G-compensator of the semimartingale H. According to Protter [5] the compensator of a continuous
hazard process is given by
H˜st = ΓTs∧t. (2)
We denote by Nt the local G-martingale Hst − H˜st . The compensator of dHst is
dH˜st = dΓTs∧t = 1{Ts>t−}dΓt. (3)
Remark. It is proved in Bielecki and Rutkowski [2] that the processes Nt and 1{Ts>t}eΓt are even G-martingales and that
1{Ts>t}eΓt = 1− ∫ t0 1{Ts>u−}eΓudNu.
We calculate the square bracket process [N,N]t:
[N,N]t = [Hs· − Γ·∧Ts ,Hs· − Γ·∧Ts ]t = [Hs· ,Hs· ]t =
∑
k≤t
(∆Hsk)
2
= ∑
k≤t
∆Hsk = 1{Ts≤t} = Hst, (4)
where we used that ∆Hsk = +1 or 0 and the only possible jump will occur at surrender time. To make calculations easier,
we assume that the surrender times are conditional independent with respect to the underlying filtration of the financial
market. This means that EQ [1{Ts1>t1}1{Ts2>t2} . . . 1{Tsn>tn}|FT] =
∏n
i=1 EQ [1{Tsi>ti}|FT]. The main advantage of this assumption is
that the surrender time for the ith policyholder only depends on F andH i. Due to this assumption of (F,Q)-independence
it is possible to prove that NiNj is a G-martingale. This result is based on the following lemma from [2]:
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Lemma 1. If a bounded F-martingale m is also a G-martingale then the product Nm is a G-martingale.
We can extend this lemma to the case of n policyholders, this is with G = Gn. Then, the Hj-independence of Tsi ensures that
Nm is a Gn-martingale with N = Ni and m = Nj.
2.4. The payment process
The discounted payment process
At =
∫ t
0
1{u<Ts}B−1u g
c
udu+
∫ t
0
B−1u g
s
udH
s
u + 1{T<Ts}B−1T gmT 1{t=T} −
I∑
i=1
1{ti<Ts}B
−1
ti
pti1{ti≤t}
is split up in four parts namely three benefits and the incoming payments for the insurance company:
• the payment up to surrender or until maturity at time T
Act =
∫ t
0
1{u<Ts}B−1u g
c
udu, (5)
• the payment at surrender
Ast =
∫ t
0
B−1u g
s
udH
s
u, (6)
• the payment at maturity
Amt = 1{T<Ts}B−1T gmT 1{t=T}, (7)
• the premiums at fixed times ti, i = 1, . . . , I with 0 ≤ ti < T
Pt = −
I∑
i=1
1{ti<Ts}B
−1
ti
pti1{ti≤t}. (8)
It is assumed that the functions gc(u, Su), gs(u, Su), gm(T, ST) and p(ti, Sti) are F-adapted functions and that
sup
u∈[0,T]
EQ [(B−1u gc(u, Su))2] <∞, sup
u∈[0,T]
EQ [(B−1u gs(u, Su))2] <∞.
3. The risk-minimizing hedging strategy for a payment process
Föllmer and Sondermann [3] introduced the concept of risk-minimizing hedging strategies for non-redundant contingent
claims, when the underlying one-dimensional, square-integrable discounted risky asset X is a martingale under the original
measure Q . We introduce the probability space (Ω,F , F,Q), with the filtration F = (Ft)0≤t≤T containing the information
from the risky asset available up to time t. The goal is to minimize the variance of future costs: Rt := EQ [(CT − Ct)2|Ft], for all
t ∈ [0, T]with Ct the cost process, defined as the difference between the value of the portfolio at time t and the gains made
from trading in the financial market up to time t. It is important to notice that the risk-minimizing strategy penalizes losses
and gains equally.
A trading strategy is of the form ϕ = (ξ,η), with ξ = (ξt)0≤t≤T the number of risky assets and with η = (ηt)0≤t≤T the
amount invested in the riskless asset. The value of the discounted portfolio at time t is then given by Vt = ξtXt + ηt .
Definition 1 (Strategy). A couple ϕ = (ξ,η) is called a strategy if
• ξ is a predictable process,
• ξ ∈ L2(X), with L2(X) the space of all R-valued predictable processes ξ such that
‖ξ‖L2(X) :=
(
EQ
[∫ T
0
ξ2ud[X, X]u
])1/2
<∞,
• η is adapted,
• V = ξX + η has right continuous paths and EQ [V2t ] <∞ for every t ∈ [0, T] (i.e. Vt ∈ L2(Q) for every t ∈ [0, T]).
Assume the claim H isFT-measurable and square-integrable. A strategy is called H-admissible if the value of the portfolio at
time T equals H.
Using the Galtchouk–Kunita–Watanabe decomposition, we know that the claim H ∈ L2(Q) can be decomposed in the
following way: H = EQ [H] + ∫ T0 ξ∗s dXs + H∗, with ξ∗ ∈ L2(X), H∗ a square-integrable Q-martingale orthogonal to X with
H∗0 = 0 Q-almost surely.
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The unique H-admissible risk-minimizing strategy ϕˆ is hence given by
ϕˆt = (ξ∗t , EQ [H|Ft] − ξ∗t Xt) ∀t ∈ [0, T]. (9)
An important property of risk-minimizing hedging strategies, is the martingale property of the cost process Ct(ϕˆ) defined
by
Ct(ϕˆ) = Vt(ϕˆ)−
∫ t
0
ξ∗udXu. (10)
Such strategies are called mean-self-financing.
We follow [4] to determine the risk-minimizing hedging strategy for a payment process At , t ∈ [0, T]. First of all, suppose
the Galtchouk–Kunita–Watanabe decomposition of EQ [AT |Ft] is given by
V∗t = EQ [AT |Ft] = V∗0 +
∫ t
0
ξAudXu + LQt , (11)
where LQt is a square-integrable Q-martingale orthogonal to X. The risk-minimizing strategy is then the 0-admissible strategy
ϕ = (ξ,η) given by
(ξt,ηt) = (ξAt , V∗t − At − ξAt Xt). (12)
So compared with the risk-minimizing strategy (9) for a contingent claim H = AT , we see that the number of risky assets is
exactly the same, while the amount invested in the riskless asset is adjusted for the payments At .
4. The portfolio in case the underlying risky asset follows a Brownian motion
4.1. The portfolio for one policyholder
As in the paper of Møller [4], we look at two assets with the following Q-dynamics of the price processes:
dSt = r(t, St)Stdt + σ(t, St)StdWt and dBt = r(t, St)Btdt (13)
with W = (Wt)0≤t≤T a standard Brownian motion. So we can easily calculate the process of the discounted risky asset price
S∗t under the measure Q:
dS∗t = d
(
St
Bt
)
= σ(t, St)StB−1t dWt = σ(t, St)S∗t dWt. (14)
Due to the martingale property of the discounted risky asset, we know that the original measure is already a martingale
measure and there is no need to perform a change of measure.
4.1.1. The payment up to surrender
We derive the risk-minimizing strategy for the payment up to surrender Act given by (5). For the value of the discounted
portfolio at time t, it holds that
Vct = Act + EQ [AcT − Act |Gt] = Act + EQ
[∫ T
t
1{Ts>u}B−1u g
c
udu|Gt
]
= Act + B−1t 1{Ts>t}eΓt
∫ T
t
Fc(t, St, u)du (15)
where we used (5) and (1) and the notation Fc(t, St, u) for EQ [BtB−1u e−Γugcu|Ft].
We assume that the function (t, s, u) 7→ Fc(t, s, u) is continuously differentiable with respect to t and twice continuously
differentiable with respect to s. Furthermore, we assume that the first order partial derivative with respect to s is uniformly
bounded. Using the fact that B−1t Fc(t, St, u) is a (F,Q)-martingale in the complete financial market, we find as dynamics of
B−1t Fc(t, St, u) for t ≤ u:
d(B−1t F
c(t, St, u)) = Fcs (t, St, u)dS∗t . (16)
Define
Wc(t, St) := eΓt
∫ T
t
Fc(t, St, u)du. (17)
Then inserting this in (15) provides
Vct = Act + B−1t 1{Ts>t}Wc(t, St). (18)
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Our goal is to obtain a decomposition of the form
B−1t W
c(t, St) = Wc(0, S0)+
∫ t
0
. . . dS∗u +
∫ t
0
. . . du.
Therefore we introduce
Yut := B−1t eΓtFc(t, St, u), (19)
which hence satisfies∫ T
t
Yut du =
∫ T
t
B−1t e
ΓtFc(t, St, u)du = B−1t Wc(t, St). (20)
Due to the fact that all the processes are continuous in the Brownian motion case and that also the hazard process is assumed
to be continuous, we find:
dYut = d(B−1t Fc(t, St, u)eΓt )
= B−1t Fc(t, St, u)eΓtdΓt + eΓtd(B−1t Fc(t, St, u))+ deΓtd(B−1t Fc(t, St, u)). (21)
The third term is equal to zero because eΓt is a continuous, increasing, special semimartingale. Writing Γt in terms of the
intensity function λs, see Section 2.3, and using (16) we arrive at
dYut = B−1t Fc(t, St, u)eΓtλstdt + eΓtFcs (t, St, u)dS∗t
=: αut dt + βut dS∗t . (22)
Hence in integral form we find
Yut = Yu0 +
∫ t
0
αuτdτ +
∫ t
0
βuτdS
∗
τ .
Using this information we can rewrite B−1t Wc(t, St) (20) in the following way
B−1t W
c(t, St) =
∫ T
t
Yut du =
∫ T
t
[
Yu0 +
∫ t
0
αuτdτ +
∫ t
0
βuτdS
∗
τ
]
du
=
∫ T
0
[
Yu0 +
∫ t
0
1{τ≤u}αuτdτ +
∫ t
0
1{τ≤u}βuτdS
∗
τ
]
du−
∫ t
0
[
Yu0 +
∫ u
0
αuτdτ +
∫ u
0
βuτdS
∗
τ
]
du
=
∫ T
0
Yu0du−
∫ t
0
Yuudu+
∫ T
0
∫ t
0
1{τ≤u}αuτdτdu+
∫ T
0
∫ t
0
1{τ≤u}βuτdS
∗
τdu. (23)
By relation (20) and by definition of Yut (19) and Fc(t, St, u), we know that∫ T
0
Yu0du = B−10 Wc(0, S0) = Wc(0, S0)∫ t
0
Yuudu =
∫ t
0
B−1u F
c(u, Su, u)eΓudu =
∫ t
0
B−1u E
Q [BuB−1u e−Γugcu|Fu]eΓudu
=
∫ t
0
B−1u g
c
udu.
The standard Fubini theorem allows us to rewrite the third term in (23) as:∫ T
0
∫ t
0
1{τ≤u}αuτdτdu =
∫ t
0
∫ T
τ
αuτdudτ =
∫ t
0
∫ T
τ
B−1τ F
c(τ, Sτ, u)eΓτλsτdudτ
=
∫ t
0
B−1τ λ
s
τW
c(τ, Sτ)dτ,
because the function (ω, t, u) 7→ αut (ω) introduced in (22) is O ⊗ B([0, T])-measurable with O the optional σ-algebra on
Ω × [0, T] and ∫ T0 ∫ t0 1{Ts≤u}|αuτ|dτdu <∞ Q-almost surely, and where we used (17).
By the Fubini theorem for stochastic integrals, we can rewrite the fourth term in (23) as:∫ T
0
∫ t
0
1{τ≤u}βuτdS
∗
τdu =
∫ t
0
∫ T
τ
βuτdudS
∗
τ :=
∫ t
0
χτdS∗τ (24)
because the function (ω, t, u) 7→ βut (ω) is P ⊗B([0, T])-measurable and uniformly bounded due to the assumed uniform
boundedness of Fcs , with P the predictable σ-algebra on Ω × [0, T]. So Eq. (23) has the desired decomposition:
B−1t W
c(t, St) = Wc(0, S0)−
∫ t
0
B−1u g
c
udu+
∫ t
0
B−1u W
c(u, Su)λ
s
udu+
∫ t
0
χudS∗u (25)
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or, equivalently,
d(B−1t W
c(t, St)) = −B−1t gct dt + χtdS∗t + B−1t Wc(t, St)dΓt. (26)
Now it is very easy to calculate dVc(t, St) from (18):
dVc(t, St) = dAct + 1{Ts>t−}d(B−1t Wc(t, St))+ B−1t Wc(t, St)d1{Ts>t} + d1{Ts>t}d(B−1t Wc(t, St)).
The fourth term is equal to zero because of the continuity of B−1t Wc(t, St) and the fact that 1{Ts>t} has finite variation. Using
(3), (5) and (26) we find
dVc(t, St) = 1{Ts>t}B−1t gct dt + B−1t Wc(t, St)d(1− 1{Ts≤t})+ 1{Ts>t−}(−B−1t gct dt + χtdS∗t + B−1t Wc(t, St)dΓt)
= 1{Ts>t−}χtdS∗t + B−1t Wc(t, St)dΓt∧Ts − B−1t Wc(t, St)dHst . (27)
To explain why dAct cancels out with−1{Ts>t−}B−1t gct dt, we look at the integral form of both:∫ t
0
dAcu −
∫ t
0
1{Ts>u−}B−1u g
c
udu =
∫ t
0
1{Ts>u}B−1u g
c
udu−
∫ t
0
1{Ts>u−}B−1u g
c
udu
=
∫ t
0
1{Ts>u}B−1u g
c
udu−
∫ t
0
1{Ts≥u}B−1u g
c
udu
=
∫ t
0
1{Ts=u}B−1u g
c
udu = 0 (28)
because it is an integral with measure zero.
Our aim is to find the Galtchouk–Kunita–Watanabe decomposition of the (G,Q)-martingale Vc(t, St). Therefore we need
the (G,Q)-compensator of Hst determined in (2). We can rewrite (27), using the martingale N:
dVc(t, St) = 1{Ts>t−}χtdS∗t − B−1t Wc(t, St)dNt.
Recalling definition (24) of χ, integration leads to the required decomposition of Vc(t, St):
Vc(t, St) = Vc(0, S0)+
∫ t
0
1{Ts>τ−}eΓτ
∫ T
τ
Fcs (τ, Sτ, u)dudS
∗
τ −
∫ t
0
B−1τ W
c(τ, Sτ)dNτ, (29)
since Nt is a martingale for which [S∗,N] = 0 by the continuity of S∗ and the fact that N has finite variation. So the
risk-minimizing strategy at time t invests in 1{Ts>t}eΓt
∫ T
t F
c
s (t, St, u)du risky assets and in view of (12) and (18) an amount
1{Ts>t}B−1t Wc(t, St)− S∗t 1{Ts>t}eΓt
∫ T
t F
c
s (t, St, u)du in the riskless asset.
4.1.2. The payment at surrender
We perform an analogous calculation as in Section 4.1.1 to find the optimal hedging strategy for the payment at surrender.
Hereto, we need the following theorem, for which a proof can be found in Protter [5].
Theorem 1. Let X be an increasing process of integrable variation, and let Y be an adapted process with càglàd paths such that
EQ [∫ t0 YsdXs] <∞. Then
EQ
[∫ t
0
YsdXs
]
= EQ
[∫ t
0
YsdX˜s
]
,
with X˜ the compensator of X.
Using successively the process (6) for the payment at surrender, Theorem 1 combined with (3), the continuity of all
the processes except the indicator function in the integral, result (1), the absolutely continuity of Γt and the notation
Fs(t, St, u) = EQ [BtB−1u e−Γuλsugsu|Ft], the discounted portfolio at time t is given by:
Vst = Ast + EQ [AsT − Ast |Gt] = Ast + EQ
[∫ T
t
B−1u g
s
udH
s
u|Gt
]
= Ast + B−1t EQ
[∫ T
t
BtB
−1
u g
s
u1{Ts>u}dΓu|Gt
]
= Ast + B−1t 1{Ts>t}eΓt
∫ T
t
EQ [BtB−1u gsue−Γuλsu|Ft]du
= Ast + B−1t 1{Ts>t}eΓt
∫ T
t
Fs(t, St, u)du.
Note that thanks to the assumption of absolute continuity of the hazard process Γt it was possible to interchange the
expectation sign EQ and the integral sign in the one but last step; and hence to obtain a expression for which we can easily
find the Galtchouk–Kunita–Watanabe decomposition. The further calculations are analogous to those for the payment up
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to surrender if we make the same assumptions, but with respectively Fc(t, St, u) = EQ [BtB−1u e−Γugcu|Ft] and Wc(t, St) (17)
replaced by
Fs(t, St, u) = EQ [BtB−1u e−Γuλsugsu|Ft]
and
Ws(t, St) = eΓt
∫ T
t
Fs(t, St, u)du.
An important difference is that dAst no longer cancels out with the term −1{Ts>t−}B−1t gstλstdt, but that these two terms joined
together lead to an extra risk B−1t gstdNt:
dVs(t, St) = B−1t (gst −Ws(t, St))dNt + 1{Ts>t−}
∫ T
t
eΓtFss(t, St, u)dS
∗
t .
So the risk-minimizing strategy invests in 1{Ts>t−}eΓt
∫ T
t F
s
s(t, St, u)du risky assets and an amount 1{Ts>t}B−1t Ws(t, St) −
S∗t 1{Ts>t−}eΓt
∫ T
t F
s
s(t, St, u)du in the riskless asset.
4.1.3. The payment at maturity and the premiums
We determine the strategy for the payment at maturity together with the strategy for the premiums, because it is easily
seen that the portfolios can be calculated in the same way by putting p(T, ST) = gmT . The value of the discounted portfolio at
time t associated with a payment p(ti, Sti) at time ti is
V
pti
t = EQ [B−1ti 1{t<ti}1{Ts>ti}pti |Ft] = 1{t<ti}B−1t 1{Ts>t}eΓtFpti (t, St, ti)
where we invoked relation (1) and denoted Fpti (t, St, ti) = EQ [BtB−1ti e−Γti pti |Ft]. Assuming that the function Fpti has the same
properties as the function Fc, we can adapt the differential of B−1t Fc(t, St, ti) in (16) to find the differential of B−1t F
pti (t, St, ti).
Now it is very easy to calculate dV
pti
t by the product rule:
dV
pti
t = 1{t<ti}(1{Ts>t−}eΓtd(B−1t Fpti (t, St, ti))+ B−1t eΓtFpti (t, St, ti)d1{Ts>t})+ 1{t<ti}(B−1t 1{Ts>t−}eΓtFpti (t, St, ti)dΓt)
= 1{t<ti}(1{Ts>t−}eΓtFptis (t, St, ti)dS∗t − B−1t eΓtFpti (t, St, ti)dNt), (30)
where the mixed terms are all zero because Γ is an increasing, continuous process, 1{Ts>t} is a process of finite variation and
B−1t F
pti (t, St, ti) is a continuous martingale.
This means that for every premium p(ti, Sti) with i ∈ 1, . . . , I, we may reduce the hedging strategy at time
t with 1{t<ti}1{Ts>t−}e
ΓtF
pti
s (t, St, ti) risky assets and the amount of riskless asset with 1{t<ti}1{Ts>t}B
−1
t eΓtF
pti (t, St, ti)
−1{t<ti}S∗t 1{Ts>t−}eΓtFptis (t, St, ti).
For the payment at maturity we set p(T, ST) = gmT and increase the strategy with the obtained amounts (see also (31) and
(32) in Section 4.2).
4.2. The portfolio for n policyholders
In this section we combine the results from Sections 4.1.1–4.1.3 to find the total risk-minimizing portfolio at time t
of a unit-linked life insurance contract with a surrender option, a continuous payment until maturity or until surrender,
whatever comes first, a payment at maturity and I premiums for n policyholders.
We assume that the n hazard processes are homogeneous and use the linearity of the Galtchouk–Kunita–Watanabe
decomposition. Denoting nt =∑ni=1 1{Tsi ≤t}, the total portfolio for n policyholders at time t contains
ψˆt = (n− nt−)eΓt
[∫ T
t
(Fcs (t, St, u)+ Fss(t, St, u))du+ Fms (t, St, T)
]
− (n− nt−)eΓt
I∑
i=1
1{t<ti}F
pti
s (t, St, ti) (31)
risky assets while the riskless asset amounts to
(n− nt)B−1t eΓt
[∫ T
t
(Fc(t, St, u)+ Fs(t, St, u))du+ Fm(t, St, T)
]
− (n− nt)B−1t eΓt
I∑
i=1
1{t<ti}F
pti (t, St, ti)− ψˆtS∗t , (32)
with
Fc(t, St, u) = EQ [BtB−1u e−Γugcu|Ft], Fs(t, St, u) = EQ [BtB−1u e−Γuλsugsu|Ft],
Fm(t, St, T) = EQ [BtB−1T e−ΓT gmT |Ft], Fpti (t, St, ti) = EQ [BtB−1ti e−Γti pti |Ft].
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4.3. The risk process
From [4], we know that when the Galtchouk–Kunita–Watanabe decomposition of the (F,Q)-martingale V∗t = EQ [AT |Ft]
is given by V∗0 +
∫ t
0 ξ
A
udS∗u + LQt , the total risk process at time 0 equals EQ [(LQT − LQ0 )2]. We will first calculate the risk process
induced by the payment up to surrender. Once we have found the structure of one risk process, it is easy to determine the
total risk process.
4.3.1. The payment up to surrender
Using formula (29), the assumed homogeneity of the hazard processes and the linearity of the Galtchouk–Kunita–
Watanabe decomposition we find that LQT for n policyholders is equal to
−
n∑
i=1
∫ T
0
B−1u W
c(u, Su)dNiu.
The risk process at time zero for the payment up to surrender for n policyholders is then given by
Rc = EQ
( n∑
i=1
∫ T
0
B−1t W
c(t, St)dNit
)2 ,
or equivalently, because of the orthogonality between the Ni’s:
Rc =
n∑
i=1
EQ
[(∫ T
0
B−1t W
c(t, St)dNit
)2]
.
The compensator of [Ni,Ni]t equals Γ it∧Tsi since by relation (4) [N
i,Ni]t = Hs,it . So d[Ni,Ni]t = 1{Tsi>t−}dΓ it = 1{Tsi>t−}λstdt. In this
way the risk process can further be transformed into:
Rc =
∫ T
0
(n− nt−)EQ [B−2t (Wc(t, St))2]λstdt. (33)
Looking at
√
Rc
n
, we may conclude that the risk originating from the payment up to surrender is completely diversifiable.
Analogously we can calculate the risk processes at time 0 for the surrender option, the payment at maturity and the
premiums which also turn out to be completely diversifiable.
4.3.2. The total risk process
When we want to calculate the total risk process, we have to use the term LQT in the Galtchouk–Kunita–Watanabe
decomposition of the discounted total portfolio and we cannot simply add up all the risk processes. This LQT is now given
by
LQT = −
n∑
i=1
∫ T
0
B−1u
(
Wc(u, Su)+Ws(u, Su)− gsu + eΓuFm(u, Su, T)−
I∑
i=1
1{t<ti}e
ΓuFpti (u, Su, ti)
)
dNiu
and performing an analogous calculation as in Section 4.3.1 we find
RTot =
∫ T
0
(n− nt−)EQ
B−2t
(
Wc(t, St)+Ws(t, St)− gst + eΓtFm(t, St, T)−
I∑
i=1
1{t<ti}e
ΓtFpti (t, St, ti)
)2λstdt.
So the relative risk process
√
RTot
n
goes to zero if n increases, the total risk is completely diversifiable.
5. The portfolio in case the underlying risky asset follows a Lévy process
5.1. The portfolio for one policyholder
In this section we assume that the risky asset is driven by a geometric Lévy process. So the processes of the discounted
risky asset and the riskless asset under the measure Q are given by:
dS∗t = σtS∗t−d(cWt +Mt) and dBt = r(t, St)Btdt
where Wt is a standard Brownian motion under Q ,
Mt =
∫ t
0
∫
R
xM(ds, dx)
is a square-integrable martingale under Q and M(ds, dx) denotes the compensated Poisson random measure on [0,∞)×R\
{0}. So it is possible to apply the theory of Møller for general payment streams, because his proofs aren’t restricted to the
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geometric Brownian motion, but are in fact holding for locally square integrable local martingales. The filtration F contains
the natural filtration, given by the Lévy process extended with the Q-null sets of the natural filtration.
We denote by ν(dx) the Lévy measure of cWt +Mt with cW0 +M0 = 0 a.s. which is the càdlàg version of a Lévy process.
In the article of Riesner [6], d(B−1t F(t, St, u))with F(t, St, u) = EQ [BtB−1u g(u, Su)|Ft] is calculated. We can adapt these results
to derive that, for example in the case of the continuous payment where
Fc(t, St, u) = EQ [BtB−1u e−Γugcu|Ft],
the Galtchouk–Kunita–Watanabe decomposition of B−1t Fc(t, St, u) for 0 ≤ t < u ≤ T is given by
B−1t F
c(t, St, u) = F(0, S0, u)+
∫ t
0
ζc(s, u)dS∗s + Kc(t, u) (34)
with v = ∫R x2ν(dx), κ = c2 + v and
ζc(t, u) = c
2
κ
Fcs (t, St−, u)+
1
σtS
∗
t−κ
∫
R
x Jc(t, x, u)ν(dx),
Kc(t, u) =
∫ t
0
θc(s, u)dWs +
∫ t
0
∫
R
~c(s, y, u)M(ds, dy)
θc(t, u) = cσtS∗t−(Fcs (t, St−, u)− ζc(t, u)),
~c(t, y, u) = Jc(t, y, u)− yσtS∗t−ζc(t, u),
Jc(t, x, u) = B−1t [Fc(t, St− + σtSt−x, u)− Fc(t, St−, u)].
(35)
Note: We do not completely agree with the calculations of Riesner, but we can adapt his result to use it here. He considers
a risky asset which is not a martingale under the original measure. Hence he performs a change of measure to the minimal
martingale measure. Under this new measure he determines the Galtchouk–Kunita–Watanabe decomposition and says that
this is also the Föllmer–Schweizer decomposition under the original measure. This would be true if the minimal martingale
measure preserves orthogonality, which is not proved in the case of discontinuous processes. For more details we refer to [7].
We adapt the calculations for the Brownian motion to this case. An important difference is that now Fc(t, St−, u) is
different from Fc(t, St, u) because of the possible jumps in the risky asset. So in this case, we have that Eq. (21) is equal
to
dYut = B−1t Fc(t, St−, u)eΓtλstdt + eΓt (ζc(t, u)dS∗t + dKc(t, u))+ deΓtd(B−1t Fc(t, St, u))
= B−1t Fc(t, St−, u)eΓtλstdt + eΓtζc(t, u)dS∗t + eΓt
(
θc(t, u)dWt +
∫
R
~c(t, y, u)M(dt, dy)
)
, (36)
where deΓtd(B−1t Fc(t, St, u)) = 0 because eΓt is continuous and has finite variation. We know that ζc(t, u), θc(t, u) and
~c(t, y, u) will be bounded Q-a.s. because the first order partial derivative of Fc with respect to the risky asset is assumed
to be bounded, S∗ is square integrable and supt∈[0,T]
∫
R x
2νt(dx) < ∞. So we can conclude that the above integrals are well
defined. Adapting the calculations in (23)–(25) to the Lévy case and using (36) we find:
B−1t W
c(t, St) = Wc(0, S0)−
∫ t
0
B−1u g
c
udu+
∫ t
0
∫ T
τ
B−1τ F
c(τ, Sτ−, u)eΓτλsτdudτ
+
∫ t
0
∫ T
τ
eΓτζc(τ, u)dudS∗τ +
∫ t
0
∫ T
τ
eΓτθc(τ, u)dudWτ +
∫ t
0
∫
R
∫ T
τ
eΓτ~c(τ, y, u)duM(dτ, dy). (37)
Hereto, we also applied the standard Fubini theorem and the Fubini theorem for stochastic integrals. This is possible because
the functions
(ω, t, u) 7→ B−1t Fc(t, St−(ω), u)eΓtλst
are O ⊗B([0, T])-measurable, the functions
(ω, t, u) 7→ eΓtζc(t, u,ω) and (ω, t, u) 7→ eΓtθc(t, u,ω)
areP ⊗B([0, T])-measurable and the functions (ω, t, y, u) 7→ eΓt~c(t, y, u,ω) areP ⊗B([0, T])⊗B(R)-measurable for all
u ∈ [0, T]. Furthermore all these functions are also uniformly bounded.
The dynamics of the discounted portfolio for the continuous payment process are in the Lévy setting:
dVc(t, St) = dAct + 1{Ts>t−}d(B−1t Wc(t, St))− B−1t Wc(t, St−)dHst − dHstd(B−1t Wc(t, St)).
Due to the the finite variation of H we can rewrite the fourth term in the following way:
dHstd(B
−1
t W
c(t, St)) = d[Hs, B−1· Wc(·, S·)]t
= ∑
s≤t
∆Hs∆(B
−1
s W
c(s, Ss))
=
{
∆(B−1Ts W
c(Ts, STs)) if Ts ≤ t
0 if Ts > t.
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Due to the continuity in probability of the Lévy process, we know that
Q(|∆(B−1s Wc(s, Ss))| > 0 for all s) = 0
and so also that
Q(|dHstd(B−1t Wc(t, St))| > 0) = Q(|∆(B−1Ts Wc(Ts, STs))| > 0|Ts ≤ t)Q(Ts ≤ t)
≤ Q(|∆(B−1Ts Wc(Ts, STs))| > 0) = 0.
Carrying out analogous calculations as in Section 4.1.1, we find using (5) and (37), and a reasoning as in (28) that the dynamics
of the discounted portfolio equal
dVc(t, St) = dAct + 1{Ts>t−}d(B−1t Wc(t, St))− B−1t Wc(t, St−)dHst
= 1{Ts>t−}
∫ T
t
eΓtζc(t, u)dudS∗t − B−1t Wc(t, St−)dNt
+ 1{Ts>t−}
∫ T
t
eΓtθc(t, u)dudWt + 1{Ts>t−}
∫
R
∫ T
t
eΓt~c(t, y, u)duM(dt, dy).
We remark again that all integrands are well-defined because 1{Ts>t−}eΓt is bounded. The term LQt in (11) is here equal to
LQt = −
∫ t
0
B−1τ W
c(τ, Sτ−)dNτ +
∫ t
0
1{Ts>τ−}
∫ T
τ
eΓτθc(τ, u)dudWτ +
∫ t
0
1{Ts>τ−}
∫
R
∫ T
τ
eΓτ~c(τ, y, u)duM(dτ, dy). (38)
The orthogonality between LQ and the risky asset follows directly from the orthogonality between S∗ and Kc(u) and the
orthogonality between S∗ and N due to Lemma 1.
From analogous calculations we learn that for the payment at surrender the dynamics of the discounted portfolio Vs are
given by
dVs(t, St) = 1{Ts>t−}
∫ T
t
eΓtζs(t, u)dudS∗t + B−1t (gst −Ws(t, St−))dNt + 1{Ts>t−}
∫ T
t
eΓtθs(t, u)dudWt
+ 1{Ts>t−}
∫
R
∫ T
t
eΓt~s(t, y, u)duM(dt, dy),
with ζs, θs, ~s the functions in (35) with Fc replaced by Fs and superscripts c replaced by s. The dynamics of the discounted
portfolio for the premiums and the payment at maturity are in an analogous way found to be
dV
pti
t = 1{t<ti}
[
1{Ts>t−}eΓtζpti (t, ti)dS∗t − B−1t eΓtFpti (t, St, ti)dNt + 1{Ts>t−}eΓt
(
θpti (t, ti)dWt +
∫
R
~pti (t, y, ti)M(dt, dy)
)]
.
The structure of the portfolio for the payment at maturity (p(T, ST) = gmT ) resembles very much the pure endowment portfolio
of [6]. The mortality related factor (lx − NIs−)T−spx+s is replaced here by the surrender factor 1{Ts>t−}eΓt . The second term
contains the most important difference. When modeling the surrender time we can no longer assume independence of the
financial market as Riesner could when dealing with mortality.
5.2. The portfolio for n policyholders
As in Section 4 we can again determine the portfolio for n policyholders by assuming homogeneity of the hazard
processes. The total portfolio for n policyholders at time t contains an investment in
φ˜t = (n− nt−)eΓt
[∫ T
t
(ζc(t, u)+ ζs(t, u))du+ ζm(t, T)−
I∑
i=1
1{t<ti}ζ
pti (t, ti)
]
risky assets and an amount
(n− nt)B−1t eΓt
[∫ T
t
(Fc(t, St, u)+ Fs(t, St, u))du+ Fm(t, St, T)−
I∑
i=1
1{t<ti}F
pti (t, St, ti)
]
− φ˜tS∗t
in the riskless asset. So we easily see the difference with the Brownian motion case (31) where we had only the first order
derivative with respect to the risky asset while here we have
ζa(t, u) = c
2
κ
Fas (t, St−, u)+
1
σtS
∗
t−κ
∫
R
x Ja(t, x, u)ν(dx) with a ∈ {c, s,m, pti };
of course this also affects the amount invested in the riskless asset. When there are no jumps (ν(dx) ≡ 0) this Lévy case
obviously reduces to the Brownian motion case.
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5.3. The risk process
When we compare the risk process with the risk process in the Brownian motion case, we get two extra terms caused by
the incompleteness of the financial market. One is driven by the Brownian motion while the other is driven by the jumps of
the Lévy process.
5.3.1. The payment up to surrender
Using relation (38) we can calculate the risk process Rc at time zero as in Section 4.3 for n policyholders (n ≥ 1)
Rc = EQ
[ n∑
i=1
(
−
∫ T
0
B−1τ W
c(τ, Sτ−)dNiτ +
∫ T
0
1{Tsi>τ−}
∫ T
τ
eΓτθc(τ, u)dudWτ
+
∫ T
0
1{Tsi>τ−}
∫
R
∫ T
τ
eΓτ~c(τ, y, u)duM(dτ, dy)
)]2  .
First of all we know that 〈dW, dW〉t = dt and 〈M(dt, dy),M(dt, dy)〉 = ν(dy)dt. By means of Lemma 1, we can prove that
W and M are both orthogonal to Ni for each i = 1, . . . , n. Also W and M are orthogonal, because W is a continuous square-
integrable martingale and M is a purely discontinuous process. Using the orthogonality between the Ni’s and the fact that
[Ni,Ni] = 1{Tsi>t−}λstdt, the risk process becomes
Rc =
∫ T
0
(n− nt−)EQ [B−2t (Wc(t, St−))2]λstdt +
∫ T
0
(n− nt−)2EQ
[(∫ T
t
eΓtθc(t, u)du
)2]
dt
+
∫ T
0
(n− nt−)2EQ
[(∫
R
∫ T
t
eΓt~c(t, y, u)du
)2]
ν(dy)dt.
Compared with the risk process (33) in the Brownian motion case for the payment up to surrender, we see that the first
term is the same, but we have two extra terms which enlarge the risk. The first one originates from the Brownian motion,
while the second one is coming from the jumps of the Lévy process. The most important remark is that the risk is no longer
completely diversifiable due to the genuine market risk caused by the incompleteness of the financial market.
The other risk processes are calculated in a similar way.
5.3.2. The total risk process
As we did in Section 4.3.2, we here calculate the total risk process at time zero by calculating EQ [(LQT − LQ0 )2] with LQ the
term in the Galtchouk–Kunita–Watanabe decomposition of the total portfolio:
RTot =
∫ T
0
(n− nt−)EQ
B−2t
(
Wc(t, St−)− gst +Ws(t, St−)+ eΓt
(
Fm(t, St−, T)−
I∑
k=1
Fpti (t, St, ti)
))2λstdt
+
∫ T
0
(n− nt−)2EQ
e2Γt (∫ T
t
(θc(t, u)+ θs(t, u))du+ θm(t, T)−
I∑
k=1
θpti (t, ti)
)2 dt
+
∫ T
0
(n− nt−)2EQ
(e2Γt ∫
R
∫ T
t
(~c(t, y, u)+ ~s(t, y, u))du+ ~m(t, y, T)−
I∑
i=1
~pti (t, y, ti)
)2 ν(dy)dt.
We can conclude that the total risk process in no longer completely diversifiable. If we assume that the number of
policyholders is big enough, then the last two terms will cause the risk.
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